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1 Composition of relations on polarities

In what follows, we fix two sets A and X, and use a,b (resp. x,y) for elements of A
(resp. X), and B,C,A; (resp. Y,W,X;) for subsets of A (resp. of X) throughout this
section. For any relation S C U x W, let

SOW) = {w|Vuwe U = usw)}  SOW]:={u|vw(we W = uSw)}.
Let us recall that the standard composition of R,7 C § x S is
RoT :={(u,w) | (u,v) € Rand (v,w) € T for some v € S}.

Definition 1. For any formal context P = (A, X, 1),

1. for all relations R,T C X X A, the I-composition R;; T C X X A is such that, for
anyacAandx eX,

(RyT)V0a =ROUOTOW))], ie x(RyT)a iff xeROUOTO]];
2. for all relations R,T C A x X, the I-composition R;; T C A x X is such that, for
anyac€Aandx eX,
RuyT)OL]=ROUVITON], ie aRyT)x iff acROUV[TOK).
When the context is fixed and clear, we will simplify notation and write e.g. R;T in
stead of R;; T . In these cases, we will also refer to I-composition as ‘composition’.
Exercise 1. IfP = (A,X,I) is a formal context, then

1. for any I-compatible relations R,T C X XA and any a € A and x € X,

R:T)a iff (R;T) V[ = 7OV RV

2. for any I-compatible relations R, T CX xAandanya €A andx € X,
aR:T)x iff (R:T)Va] = T IO RV [a]].



Exercise 2. Let P = (A,X,I) be a formal context. IfR,T CX XA (resp. R,T CAxX)
and R is I-compatible, then so is R;T.

Exercise 3. Let P = (A,X,I) be a formal context.
1. If R,T,U C X X A are I-compatible, then (R;T);U =R;(T;U).
2. IfR, T, U C A xX are I-compatible, then (R;T);U =R;(T;U);

2 Lifting relations

Throughout this section, for every set S, we let Ag := {(s,s) | s € S}, and we typi-
cally drop the subscript when it does not cause ambiguities. Hence we write e.g. A® =
{(s,5") | 5,5’ € Sand s#s'}. Welet S4 and Sx be copies of S, and for every P C S, we let
P4 C S4 and Py C Sx denote the corresponding copies of P in S4 and Sy, respectively.
Then P§ (resp. P§) stands both for (P¢)x (resp. (P¢)4) and (Px)® (resp. (P4)€). For the
sake of a more manageable notation, we will use a and b (resp. x and y) to indicate both
elements of A (resp. X) and their corresponding elements in Sy (resp. Sx), relying on
the types of the relations for disambiguation.

Definition 2. For every R C S X S, we let
1. Ig C Sy X Sx such that algx iff aRx;
2. Jr C Sx X S such that xJga iff xRa.

Exercise 4. For any set S we let Ps := (Sa,Sx,Inc). Prove that P§ = 2(S). Hint:
define h: P (S) — P{ as the assignment P — (Py,P§).

Exercise 5. ForallR,T C S xS,
1. I(RoT)" = Ipc ;I7c.
2. J(ROT>C' = JRc ;JTL‘.

Exercise 6. For any Kripke frame X = (S,R), we let Fx := (Pg,Igc,Jgc) where Pg =
(Sa,Sx,Ixc) is defined as above. Show that Fx is an enriched formal context. Hint: the
relations Igc C Sy X Sy and Jpe C Sx X Sa are trivially Ixc-compatible.

Definition 3. A relation R C S x S is sub-delta if R = {(z,2) | z € Z} for some Z C S,
and is dense if VsVt [sRt = Ju(sRu & uRt)].

Exercise 7. For any Kripke frame X = (S,R),
1. R is reflexive iff Irc C Ipc iﬁ‘J,;cl C Ipc.
2. Ris transitive iff Igc C Ige ;Ige iff Jre C Jge ;Jpe.
3. R is symmetric iff Ige = Jp.! iff Jre = I

4. Ris sub-delta iff Inc C Ige iff Inc C Jgo'.



5. R is dense lffIRc ;IRC g IRc l:ffJRc ;]RE g JRC,

Definition 4. For any polarity P = (A, X,I), a relation R CA X X (resp. T CX X A) is

reflexive iff RCI (resp. iff T~'CI)
transitive iff RCR;R (resp. iff T CT;T)
subdelta iff ICR (resp. iff ICT™!)

dense iff R;RCR (resp. iff T;TCT).

3 Exercises from Lecture 5

Exercise 8. Propose an informal understanding, along the lines in Section 2 of Lecture
5, of the following interpretation clauses:

1. M,x >0 iffforall a €A, if M,a 0@, then alx.
2. M,ya - 0@ iffforall xeX, if M,x > O, then alx
3. M,x > 00 iffforall acA, if M,al @, then xRoa.
Exercise 9. Prove that for every polarity-based frame F = (P,Ry),
Fl=opkp iff YaVx(aRox = alx).

Hint: from right to left, fix a valuation V on P*, and show that, for every a € A, if
a € [aplly then a € [[p]lv; for the converse direction, assume that aRnx but not alx for
some a € A and x € X, and find an assignment V on P such that F [=op - p.

Exercise 10. Prove that for every polarity-based frame F = (P,Ry),
FlEoptoop iff RoCRoiRo.
Exercise 11. Prove that for every polarity-based frame F = (P,Ry),
Fl=ptop iff VYaVx(alx = aRpx).

Hint: follow a similar strategy as Exercise 2.
Exercise 12. Prove that, for any enriched formal context F = (P,Rn,R):

1. F=opk09 iff Rno;RaCL

2. FEopto iff RoCIL

3 Fl=oFo@ iff RaClL

4. Fl=oetooe iff Ro CRo:Ro

5. FE000F 00 iff Ro CRo;Rs.

6. Fl=@ 009 iff Ry CRe.



10.
11.
12.

FEoopt ¢ iff ReCRo.
Fl=okoe iff ICRo
Fl=o@F¢ iff 1CRa
Fl=oopto¢ iff Ro;RnCRo
F=09kF000 iff Ro;Ro CRo.
Fl=09okFoe iff ] CRa;Ro.



